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The full counting statistics of a non adiabatic pure spin pump are calculated with particular 
emphasis on the second and third moments. We show that incoherence can change the sign of 
spin shot noise cross-correlations from negative to positive, implying entanglement for spin-singlet 
electronic sources, a truly counterintuitive result. The third moment on the other hand is shown to 
be much more resilient to incoherence. 
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Introduction: Charge or spin transport is a statistical 
process involving electrons carrying definite amounts of 
spin or charge, since charge or spin current fluctuates 
in time. Therefore, in addition to knowing the mean 
charge or spin current passing through a normal con- 
ductor one needs to know the noise as well as the other 
transport moments in order to fully characterize charge 
or spin electron motion. To do this one takes recourse 
to the full counting statistics(FCS), which gives us the 
complete knowledge about all the moments of the dis- 
tribution of the number of transferred charges or spins. 
The full counting statistics for a non-adiabatic pure spin 
pump is analyzed in both the completely coherent and 
incoherent regimes. 

Shot noise cross-correlations, the second moment, 
in solid state devices have been studied for a long 
time. Some of these studies include normal metal- 
superconductor hybrid structures coulomb blockaded 
quantum dotsjl], exploiting the Rashba scattering etc. 
However, an experimental demonstration has thus far 
been lacking. This is mainly due to the difficulty in con- 
trolling environmental effects like incoherence. It begs 
the question how to deal with incoherence and reduce it. 
In this work a novel scheme is proposed in which the inco- 
herence present in such systems can be used as a resource. 
We particularly concentrate on the electronic spin. The 
reason for dwelling on the spin instead of charge is be- 
cause there have been many works on the charge counting 
statistics however works on the full counting statistics 
for spin are less visible. However, they have been at- 
tempted in different context to that which is the topic 
of this rapid communication. For example, in the 
FCS of spin currents was first attempted, the FCS of 
spin transfer through ultrasmall quantum dots in con- 
text of Kondo effect was attempted in [|| while in 0] a 
study of FCS in interacting quantum dots attached to 
ferromagnetic leads revealed super-poissonian transport. 
Many works revolve around the spin shot-noise cross- 
correlations. Among the notable works on spin shot-noise 
cross-correlations mention may be made of: spin current 
shot noise of (i) a single quantum dot coupled to an op- 



tical microcavity and a quantized cavity field[7j, (ii) a 
realistic superconductor-quantum dot entangler[8[, and 
(iii) a spin transistor Q. Positive spin shot noise cross- 
correlations for spin-singlet electronic sources could be 
a signature of entanglement [l(| too. In this letter the 
properties of the third moment are also calculated. The 
reason for looking at the third moment is because the 
third moment is predicted to be much more resilient to 
incoherence (ll| . In our work we prove this statement by 
an exact analytical calculation. 

In this letter we find that in the coherent transport 
regime the current and spin shot noise cross-correlations 
are similar to that in Ref. 12|. The effect of incoherence 
on odd moments is negligible. The current and the third 
moment do not change much with incoherence. In con- 
trast the second moment, i.e., spin shot noise becomes 
completely positive. An extremely counter-intuitive re- 
sult. For the third moment spin auto or cross-correlations 
do not change much from the coherent and incoherent 
transport regimes. This shows the resilience of the third 
moment to incoherence. The main body of this letter 
starts with an explanation of the model. The coherent 
density matrix equation is then analyzed separate from 
the incoherent density matrix equation to bring out the 
differences. Lastly we bring out a perspective on future 
endeavors. 
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FIG. 1: The model system. 

Model: The model of Ref.fl2j is the starting point. It is 
depicted in Fig.l. The single electron levels in the dot are 
split by an external magnetic field B. e-\ — ej, = g z fJ-BB = 
A(Zeeman energy), where g z is effective electron g-factor 



2 



in z-direction and ps is Bohr magneton. No bias volt- 
age is applied across the leads. An additional oscillat- 
ing magnetic field B r f(t) = (B r f cos(wt), B r f sin(wi)) ap- 
plied perpendicularly to constant field B with frequency 
u) nearly equal to A can pump the electron to higher 
level where its spin is flipped, then the spin down elec- 
tron can tunnel out of the leads. Coulomb interaction 
in the quantum dot is considered to be strong enough 
to prohibit double occupation. No extra electrons can 
enter the quantum dot before the spin-down electron ex- 
its. The Hamiltonian of ESR induced spin battery under 
consideration is written as: 

H = Y e r,,k,° C l,,k,<7 C ri,Ka + Y e ° c da C d<T + Un d1 7l dl 

+ J2( V n c lk^ + h - c -) + H rf(t) (1) 

rj,k,<7 

In the above equation, k a (c, h k.cr) and c da (c da ) are the 
creation and annihilation operators for electrons with 
momentum k, spin a and energy e v .k,a in lead r){= L, R) 
and for spin a electron on the quantum dot. The third 
term describes coulomb interaction among electrons on 
the quantum dot. The fourth term describes tunnel cou- 
pling between quantum dot and reservoirs. H r f(t) de- 
scribes the coupling between the spin states due to the 
rotating field B r f(t) and can be written in rotating wave 
approximation as: 



In the above equation, e-f = €d — % 



H rf (t) = R rf {c^c di e^ + create"*"*) 



(2) 



with, ESR rabi frequency R r f = gj_fisB r f /2, with g- 
factor g± and amplitude of rf field B r f. 

The quantum rate equations for the density matrix 
can be easily derived as in Ref. [12| ■ Poo and p aa describe 
occupation probability in QD being respectively unoccu- 
pied and spin-tr states and off-diagonal term Punn de- 
notes coherent superposition of two coupled spin states in 
quantum dot. The doubly occupied is prohibited due to 
infinite coulomb interaction U — -> oo. To derive the den- 
sity matrix, we proceed as follows. The time dependence 
can be removed from Eqs . [TJ2], by using the following 
unitary transformation[13j: 



(3) 

The Hamiltonian is then redefined in the rotating refer- 
ence form as follows: 

(V7T-1 

H RF = U- l HU + i——U 
at 

= Y ^,k,T C l,k," C V,k,T + Y E <r C dv C da + Un d] n dl 

+ Y ( V v c l,k,<r c dv + h.c.) + R rf (c^c dl + C^Crf-r) 

(4) 



# - H while l r 
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Tr and e. 



To get the density matrix from the above Hamilto- 
nian, the following procedure is used. An electron oper- 
ator affecting only the electron on the dot can be writ- 
ten in terms of \p >< p\,p = 0, f , J,. Writing, for the 
annihilation operator of the dot c da — |0 >< er|, and 
for the creation operator for the dot c\ a = \a >< 0|, 
the Hamiltonian is rewritten in terms of the three states: 
|0 >, | T>! I 4>i corresponding to empty state, a single 
electron with spin-up and single electron with spin-down. 
The doubly occupied state in the dot is prohibited by 
the fact that U is taken to be extremely large. Thus the 
Hamiltonian reduces to: 



H = Y e n,k^c\ k rJ c, h kM + y^lo- >< oj +Un 



d]-n d i 



+ Y (VU,J0 X a\ + h.c.) + R rf (\ t><4 

r),k,(T 

+ llxtl) 



(5) 



The elements of the density matrix p mn in dot spin ba- 
sis are expectation values of operators \n >< m\, with 
n,m = 0, t,|, so we can write-poo =< |0 >< 0| > 
iPaa =< W >< a \ >iPas =< \& >< &\ >■ The time 
evolution of the density matrix elements can be expressed 
in terms of expectation values for new operators [l7j. For 
instance, 

d 

< |0 >< 0| >=< [|0 >< 0\,H] > 



ipoo 
Poo 



(6) 



dt 

i[H\0 >< 0| - |0 >< 0\H], 

= i^lffxoKfo-^lox^] 

= lV*G< krT (t,t)-V v G< a „ krT (t,t)] 

The approximated current Green's functions are (using 
Ref. [l7j) as a guide we have: 

+ G^ atyl (t, h)V* ka , g^ ka , {h,t')], 
G< ka ,, 0rT {t,t') = J dt 1 \ g % ca ,(t,t 1 )V n k*>G£ r , ir (t 1 ,1?) 

+ g^i^'Wnka'Gl^t')} (7) 

The Gocrcr''s are the green functions for the dot, while 
9r)ka is the Green's function for the 77-lead in absence of 
tunnelling. 

From the convolution theorem for Fourier transforms, 



dhA^-t^Bih-t) = / duA(u)B{-u) 



dm 
2^ 



A(w)B(w). 
(8) 



Inserting the approximated current Green's functions 
from Eqs O into Eqj6]and Fourier transforming one gets: 

Poo = K\ 2 [G< aa (w)(gXH ~ 

+ 9<M(G£M - G* a {w))\ (9) 
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The general property for Green's functions G > 
G R - G A , is then uscd- 



G < 



Poo = \V n \ 2 [G< aa (w)(g> ka (w) - g< ka (w)) 
,< r„.,\rr<< 



Thus, G% aa {w) = 2nip aa 8(w - e CT ), and G^ aa (w) = 
— 2nipQo8(w — e CT ). After substituting these expressions 
in Eq[T31 and integrating gives- 



+ ^M{G< aa {w)-G>^w))] 
The lesser Green's function then becomes- 



(10) 



Poo 



^r2[(l-/^(e CT )K CT -/,(e CT )p 



(14) 



< ^k<7 C vk<? > 



(11) 



where, /(e) is the Fermi function. Performing a fourier 
transformation yields 



Now in Ref . [12[ the Fermi functions for the left and right 
leads with respect to the electron spin /l(et) = /r( £ t) = 
1 and / £ (e;) = f R ( H ) = 0. Thus, 

Poo = -(Tf + rf) Poo + (rf + rf) Pu (15) 



2nifv(enka)8(w - e l;fe(T ), and similarly 
—2-ni[l — f v (e v k<T)]8(w — e v k(r) (12) 



Substituting the above expressions in EqsJH and using 
the coupling parameter rjj(e) = 27r^ fe | | 2 <5 ( e — e 



rjka ) 



glVCS- 

Poo = 



2^ 



Proceeding in exactly the same way, and using the 
Ref. 17[ as a guide one can derive the other rate equa- 
tions as written below. To model incoherence we turn to 
Ref.[H| and use that as a model. 

Results: We introduce density matrices p a b(t) mean- 
ing quantum dot is on the electronic state \a > (a = 
b = 0, |, I) or on a quantum superposition state (a =/= b) 
at time t. We introduce counting fields [Tl]. Xv^^V = 
dw^{r2{l-f, 1 (w))G< aa (w)+T2fr 1 {w)G> aa {w)^ /R and cr =T / 4 to describe transitions from the dot 

to leads. 

Coherent regime: We first deal with the coherent 
regime. p(t) = (p 00 , p TT , p u , K(p n ), 3(pu)) = Mp(t), 
with 



(13) 

The lesser and greater Greens functions for the dot 
can be derived using the same formalism as in Ref. [l7| . 



J 



-(r LT + r m ) 
(r LT e-^i +r flT e-^«T) 












R rf 





-(iii + rflj 
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-(rLi + r fli ) 

$ESR 





— 2R r f 
2R r f 



-(r 



>ESR 



R\ 



>7 



The normalization relation poo 



rcr Pcra = 1 holds for the conservation and T m = 



and Sesr 

E 

2nJ2k \ Vv\ 2 3( w ~ € vkv)- We assume the spin relaxation 
time of an excited spin state into the thermal equilibrium 
to be very large. 

We calculate the eigenvalues of Eq[l6] The minimal of 
these eigenvalues defines the full counting statistics (as, 
Xva — > 0,?; = L,R;a —1,1). After finding this eigen- 
value Evo, and then by using the approach pioneered in 
Ref. 141], We calculate the first, second and higher cu- 
mulants. Note that the approach of Ref.|l4[ has been 
generalized in Refs.fHOll to include both coherent and 
incoherent transport regimes. 

The first cumulant is defined as the current, we cal- 
culate the individual spin polarized currents as follows: 
^k'xflo— o- The spin current is thus I* = J, )T - 



I v l , while the charge current is I£ 



I v \+I v l. The second 



cumulant defines the shot-noise. The shot noise auto and 



cross-correlations can be calculated as follows. The spin 
shot noise auto and cross-correlation is what we concen- 
trate on. S 



S 



! ] 



■s 



n 



LL 



sUl+Sll anc l ^lr — Slr; 



?! I 



S l X wherein, SZ% 



.41 
LL 

d 2 Ev 



.'I 1 



LR U LR U LR wucioiiij _ g % ^g x ^ ^ Ix^x^/^O- 

Similarly the third moment spin correlations are calcu- 



lated as follows: C^,, = C™ r + C^,, + C^,, + 

c$ r - (c™ „ + c™,„ + c$ n „ + CV)- wherein 

= a 7r^% Iv y , , y „ „-»<>• The exis- 

tence of a pure spin current is a signature of a spin-singlet 
electronic source. Since, in a pure spin current electrons 
of opposite spin move in exactly opposite directions. 

Incoherent regime: To go into the incoherent or 
sequential transport regime as exemplified in Refs.[l5|, 
we use the complete coherent matrix, EqJTBJ The coef- 
ficient matrix for incoherent transport can be obtained 
from EqflBl via setting 3J(/6jj) = and Si(ptl) = an d 
then solving the two simultaneous equations for ^St(p^) 
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FIG. 2: A comparison of coherent and incoherent transport 
regimes. The odd moments- spin currents(left) and third 
moment cross and auto-correlations. The parameters are 

r = 1, Sesr ~ o. 




FIG. 3: The second moment: The spin shot-noise cross- 
correlations. Parameters as mentioned before. 



and S(pix) as in Refs. 15, T^. This leads to a 3X3 ma- 
trix: p(t) = (/6oo,/5TT> Au) =M(t) with 



M 



-(r iT + r HT ) o r LL e l ^i + r H1 e i «t \ 
o z -z-{r LL +r Rl ) J 

(17) 

Rl f (r Ll +r Rl ) 



5 E SH + ( r il+ r Ri) 2 



The minimal eigenvalue 



and. z 

of this equation is again what we require. Evq = 
±[K -2b- 4(3c ^~ i>3) ] ! here K = 36cba - I08da 2 - 
8& 3 + 12V3\/4c 3 a - c 2 b 2 - 18cbad + 21d 2 a 2 + 4db 3 a, and 
the elements a,b,c,d are as follows (with Tn = = 

« = ^% SR -r 2 -r,b = 8rs% SR -8R 2 rf r-2r 3 



c = l2R 2 rf T A -T 4 - AT 2 S 2 ESR ,X = R^T 6 . 



+ e - iXL ^e iXLl +e-' ixa ^e lXL i). (18) 

In the incoherent regime too the spin current, spin 
shot-noise auto and cross correlations are calculated and 
finally the third moment auto and cross-correlations. In 
Fig. 2, the odd moments are plotted- pure spin current 
I s and the third moment auto C3 = C£ LL , and cross- 
correlations Cj jLR . In Fig. 3, the second moment, shot 
noise auto C2 = S LL and cross-correlations S S LR . In all 
of these figures the results for the coherent and incoher- 
ent transport regimes are contrasted. In both regimes 
the charge current is absolutely zero. Thus there is a 
pure spin current. The physics behind the pure spin cur- 
rent can be outlined as follows. In the model (Fig. 1) 
coulomb interaction in the quantum dot is strong enough 
to prohibit the double occupation, no more electrons can 
enter the quantum dot before the spin-down electron ex- 
its. As a result, the number of electrons exiting from the 
quantum dot is equal to that of electrons entering the 
quantum dot; namely, the charge currents exactly cancel 
out each other implying zero charge current. 

Conclusions: The pure spin current obtained in our 
set-up is the spin-singlet electronic source which enables 
us to say that the positive noise cross-correlations ob- 
tained are a signature of the entangled state. Further we 
haven't put any noise dividers to and noise is generated 
by the currents in both the left and right leads obviating 
any source of doubt about any classical mechanism being 
responsible for positive cross-correlations. The main re- 
sult of our work is depicted in Fig. 3, this is perhaps the 
first work where it is shown explicitly that the shot noise 
cross-correlations turn completely positive in the incoher- 
ent transport regime. What are the reasons for the com- 
pletely positive shot noise cross-correlations? One can see 
from the formula for the spin shot noise cross-correlations 
it is a difference between same spin and opposite spin cor- 
relations. In the incoherent regime one notices that the 
magnitude of the same spin correlations, which are neg- 
ative, is always less than that of the opposite spin case. 
In Fig. 2, the third moment auto and cross-correlations 
are also plotted. The impact of incoherence on the odd 
moment is distinctly muted as compared to that on the 
second moment. The third moment auto-correlations are 
completely negative as expected since the possibility of 
detecting three electrons is prohibited via Paulli exclu- 
sion. We have compared and contrasted the absolutely 
incoherent and absolutely coherent regimes. An effective 
parameter which shows the transition from completely 
coherent to completely incoherent can be introduced in 
the coherent density matrix, Eq. 16, to model this. Phe- 
nomenologically introducing a spin relaxation time into 
the coherent density matrix does indeed show the transi- 
tion between completely coherent and incoherent regimes 
attesting our results. In this letter, the first time the dra- 
matic nature of shot noise cross-correlations as a function 
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TABLE I: Comparing first three moments in coherent and 
incoherent regimes 



Moment 


Coherent 


Incoherent 




Pure spin current 


Pure spin current 


2 rid 


Shot-noise cross-correlations 
positive for certain range 
of parameters 


Shot-noise 
cross-correlations 
always positive. 


3 rd 


Third moment finite 


Third moment finite 
No qualitative change 



of incoherence is shown. Future endeavors on effects of 
incoherence on different geometries especially including 
superconductors are contemplated. 
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